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SIR Model on Networks

Each node in the network is one of three states Susceptible (S), Infected
(I), or Recovered (R). The rate at which a node gets infected is called the
transmission rate (—). The rate at which a node recovers is called the
recovery rate (”).
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Given a finite budget of antidote, how dowe distribute antidote to each
node in a network to minimize the size of the infection?
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Figure 1: Left: a barbell graph where the antidote is uniformly given to the boundary
nodes. Right: A high-degree and low-degree node where proportionally more antidote
is given to the high-degree node.

We need to find a function of the budget f : R æ Rn, where n is the
number of nodes, such that

Objective: min E[size of infection]
Constraint:

P
f (B)i Æ B where f (B)i is the amount of antidote given

to node i.

Each unit of antidote increases the recovery rate of the node by a unit:
f (B)i = ”i, the recovery rate of node i. We get the constraint

P
”i Æ B.
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In an adjacency matrix A, we have Aij is 1 if there is an edge between
nodes i and j and 0 if there is no edge.

The differential equations for SIR on networks:

d

dt
E[Ii(t)] = —

nX

j=1
AijE[Ij(t)Si(t)] ≠ ”iE[Ii(t)] (1)

d

dt
E[Ri(t)] = ”iE[Ii(t)] (2)

where I(t), S(t), R(t) œ {0, 1}n are vectors designating whether each
node is infected, susceptible or recovered, respectively.
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Figure 2:Left: an epidemic, Right: distributing antidote to reduce outbreak
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We define the matrices:

A = adjacency matrix of the graph
D = diagonal matrix where Dii = ”i

Because we know the number of susceptible nodes is always less than
the number of initially susceptible nodes, equation (1) can be written as
the inequality,

d

dt
E[Ii(t)] Æ Si(0)—

nX

j=1
AijE[Ij(t)] ≠ ”iE[Ii(t)] (3)

This can be now written in matrix form:
d

dt
E[I(t)] Æ (—A ≠ D)E[I(t)]

which we can further solve to get

E[I(t)] Æ exp ((—A ≠ D)t)I(0). (4)

Similarly, (2) can be written as
d

dt
E[R(t)] = DE[I(t)] (5)

=∆ lim
tæŒ

E[R(t)] = D

Z Œ

0
E[I(t)]dt (6)

When top eigenvalue of the matrix —A ≠ D is less than 1, then epidemic
is unlikely but if above 1, epidemic occurs with high probability!
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To minimize the number of nodes that eventually get infected we can
minimize the RHS of equation (6) which can be combined with (4):
D

R Œ
0 E[I(t)]dt Æ D

R Œ
0 exp ((—A ≠ D)t)I(0)dt.

The objective is:

min
D

D

Z Œ

0
exp ((—A ≠ D)t)E[I(0)]dt (7)

given the constraint:
nX

i=1
”i Æ B (8)

Note! The above program isn't convex but can be converted into one.
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The inequality in equation (3) is not very tight because it allows for 2-
cycles which over-count the number of infected nodes.

To solve this issue, we generate a convex program in terms of directed
edges, for which we use a non-backtracking matrix!

What does it mean to infect directed edges?
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We have to define the new matrices (now indexed by directed edges):

A = the non-backtracking matrix
D(i,j),(i,j) = ”i

x(i,j) = 1
deg(i)

We can now rewrite the differential equation:
d

dt
E[I(i,j)(t)] Æ Si(0)—

X

(u,i)œE,u ”=j

E[I(u,i)(t)] ≠ ”iE[I(i,j)(t)]

= Si(0)—
X

(u,v)œE

A(i,j),(u,v)E[I(u,v)(t)] ≠ ”iE[I(i,j)(t)]

Equations (4) and (6) end up looking similar in the directed edge case:

E[I(t)] Æ exp ((—A ≠ D)t)I(0) (9)

lim
tæŒ

E[R(t)] = D

Z Œ

0
E[I(t)]dt (10)
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Unlike (4) our goal isn't to directly minimize the RHS because we need the
number of infected nodes not the infected edges. Equation (10) can be
converted accordingly:

lim
tæŒ

xT E[R(t)] = xT
Z Œ

0
E[I(t)]dt

from which, we get the objective:

min
D

xT D

Z Œ

0
exp ((JBA ≠ D)t)I(0)dt (11)

given the constraint:
nX

i=1
”i Æ B (12)
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Figure 3:The different solutions for allocating antidote to ER-graph.

Figure 4:The budgets below which the convex programs cannot find solution for each
family of graphs.

Conjecture: convex directed-edge always finds a solution before
convex ¡ outbreak is stopped at a lower budget.
Reasoning: If top eigenvalue of matrix < 1, then the top eigenvalue of
directed-edge matrix < 1
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While we have found a strategy that finds a solution at lower budget than
the original convex programming strategy, we still need to continue ex-
ploring strategies that can find allocations for low budgets. To do this, we
plan on making the problem simpler: given a graph, which edges can we
remove to stop the outbreak?

Figure 5:Different edge removal strategies.
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