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2. INTRODUCTION

We start by introducing the marvelous connection between electric networks and
random walks on graphs, which allows us to view graphs as electric circuits and voltages
as probabilities that a particle performing a random walk will reach the source node
before the sink node(s). These concepts will eventually help us to classify random
walks on infinite lattices and deterministic as well as random trees (!) as recurrent or
transient walks, dealing with whether a person performing a random walk will return
to its starting position almost surely. On the way, we will draw a lot of graphs, make
a bunch of connections to other areas of mathematics, and introduce many different
tools such as the theory of local convergence or the branching number, which is the
reciprocal of the critical percolation threshold p.(T) of a tree T. This threshold p.
corresponds to the supremum of probabilities p such that if one thins edges of a rooted
graph with probability 1 — p, the resulting connected component that includes the root
will have infinite size. We conclude with different random graph models, such as small-
world networksE] and Erdés-Rényi, that locally behave like random trees, which is why
their threshold function for the emergence of the giant components is connected to the
critical percolation threshold of the trees they resemble locally.

lwe give a novel proof for local convergence of small-world networks.
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3. ELECTRIC NETWORKS AND RANDOM WALKS

We will denote a graph by G = (V(G), E(G)) where V := V(G) is the vertex or node
set, and E := E(G) is the edge set. G can be finite or infinite!

For this thesis, we will assume that G is connected and locally ﬁniteEl We will assign
each undirected edge (z,y) a resistance Ry, or equivalently, a conductance Cyy = R%y'

Next, we define a Markov chain with transition matrix P given by
Cuy
Cy

where Cp = > Cyy. We will refer to the graph with conductance C' as (G,C). In-
formally, one can think about a person performing a walk on the nodes of this graph
transitioning from one node to one of its neighbors with probability proportional to
their edge conductances. Because of the unpredictable nature of this walk, it is called
random walk but some prefer drunkard’s walk :) The nodes of this graph, thus, give
states of this Markov chain. Based on the definitions so far, Figure 1 gives three
different ways of viewing random walks on graphs.

One of the best parts of these Markov chains is that they are reversible: there exists
a positive function x — 7T(J:)E| on V such that

Py =

m(2) Py = 7(y) Pyo
For such chains, 7 is stationary, that is, > m(x) Py, = 7(y), or equivalently, P'7 = 7
because Y, m(x) Py = >, (y)Pyz = 7r( )Y, Pye = m(y). In our case, m(x) could be
Cy (or any constant multiple of this function) since

Cay Cya

Co Py = CxCTc = Oy = Cya = CyFy = CyPye

2Each node has a bounded degree although the degrees may not be uniformly bounded.
37(-) does not have to be a probability measure and, in fact, for Markov chains with infinitely many
states (corresponding to infinite graphs) 7 () will never be a probability measure in this thesis.
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Lastly, let’s imagine we are given 7(x) and P, and we want to construct an electric
network that is associated with the same transition matrix P. We argue that assigning
m(x)Pyy as edge conductances should do it since

_ W(x)P:vy _ sz =P
= = Py

P new -
" 2oy (@) Py 30, Pry

Remark 3.1. For simple random walks, following the literature, one can assign Cy, =
Ry, =1 for any edge (x,y). Hence, C, could correspond to the degree of node x.

Viewing a graph as an electric network is quite helpful because many concepts related
to electric circuits correspond to the properties related to random walks on graphs! To
exploit this connection, we will choose a source node s to inject current into the graph
and a sink node t (or a set of nodes) to ground the electricity. This would introduce
a flow into the graph in the form of current ¢. i;, will define the amount of current
passing through directed edge (z, y)ﬂ and i, is the net signed current from node x to
its adjacent nodesﬁ Secondly, it will induce a voltage v, for each node x. The sink
node t will have a voltage of 0 as it is grounded. We will define the effective resistance

of a graph with a given source s as
v
Reﬁ" = i
ls
The inverse of effective resistance is effective conductance denoted by Ceg. We will

sometimes refer to the current as the electric flow as it is an example of a flow.

Definition 3.2. A flow 0 from s to t (s can be a single node or a collection of nodes)
is an assignment of numbers to directed pairs of nodes (z,y) such that

(1) Ouy = —0Oya

(2) 0, =3,0y=0if x # st

(3) 0y =0 if  and y are not adjacent.
For a directed edge o, we will also use the notation 6(c) to refer to the flow passing
through the edge.

Flows persevere energy.

AFor conductance, the order of the edge does not matter as Cyy = Cy,. For current, it matters as

ixy = _iyac 75 ixy
5Then, is is the total amount of current injected into the circuit.
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FIGURE 1. (left) an electric network with resistances (right) directed
edges with transition probabilities based on conductances (middle) as-
sociated probability transition matrix
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Theorem 3.3. (Conservation of Energy) Let f be any functions defined on the nodes
of the graph and 0 be a flow from some source s and sink t. Then,

Proof.
Z(f(w)—f(y))exy=Z(f<x)zexy Z Zew

z,Y
:f Zesy+f Zety (S)Zezs_f(t)zezt

= [f(s)0s +f(t) f(S)(—Hs)—f(t)(—ﬁt)
=2(f(s) = f(1))0s.

g

Definition 3.4. (Energy) If 6 above is an electric flow ¢ from s to ¢ (so, v; = 0) and
f(x) gives v;. We get the equivalence

. 1 .
Usts = 5 Z(vx — Uy )izy

x?y

Recall, Rog = % Then,

. 1 . 1 .
i2Rep = 3 Z(vx — Uy )lgy = 5 Zzinyy (3.1)
x7y

x7y

which is total energy dissipation E in the circuit. When the current injected is unit,
we get,

1 .
Reg = 3 Z(% — Uy )iy (3.2)
T,y

which will be very useful. This definition generalizes to any flow 6:
1
0 Reg = 3 > 62, Ray
x?y

gives the energy or energy dissipation for flow 6 on graph with resistance R.
Electric flows are special flows in that they minimize energy dissipation!

Theorem 3.5. (Thompson’s Principle) If i is the unit flow from s to t determined by
Kirchhoff’s Laws, i.e. it is an electric ﬂow then the energy dissipation 5 ny %yR

manimizes the energy dissipation 52 Ry among all units flows j from a to be b.

x,y jxvy

Proof. Let j be any unit flow from s to t. Let kyy = joy — izy. Define ky = > kyy.
Following Definition it is not hard to show that k is a flow. By Theorem we
get

D (Ve = vy)kay = 2(vs — vi)ks = 2(vs — v1)(Js — i) = 2(vs —v)(1 — 1) =0

z,Y



Then,

mey oy = Z(izy + hy)? R
= Z%y 2y +221xnyykxy +Zk
—ny xy+22 kxy+;kxy}zxy
= Zzw 2y +kayR$y > Zk

O

Electric flows on graphs are fascinating because of probabilistic interpretations of
effective resistance, current, and voltages which we will outline now.

e Voltage: When a unit voltage is applied between s and ¢ so that vy = 1 and
vs = 0, the voltage v, at any node x is the probability that a walker starting
from x will hit s before reaching ¢ (also called the “hitting probability”).

e Current: When a unit current flows into s and out of ¢, the current i, is equal
to the expected netE] number of times that a walker, starting at s and walking
until she reaches ¢, will move along the edge directed (x,y).

Related to but different from hitting probability, we have the probability of escape:

Definition 3.6. We define pesc to be the probability that a walker starting from s
reaches t before returning to s.

This should not be confused with hitting probability associated with vs. v, is always
1 since the random walk starts from s. pes. deals with the second time the random
walk hits s. It turns out that this probability is also connected to effective resistance
or conductance in the following way:

Theorem 3.7.

Cefr _ 1

Cs CsRep

where s is the source of the electric current as well as the starting point of the random
walk.

Pesc =

Proof. Say we injected electric flow into the circuit from s such that v; = 1, then

1 Vg .
= :ZS

Reff Reff

and

. 1 Cs
s = Z(US - Uy)Rsy = Z (Us - Uy) Fsycs = Cs (1 - ZPsyvy> = CsPesc
Yy )

Y

where we used the probabilistic interpretation of v, (holds when vgs = 1). |

Remark 3.8. The nice part of this conclusion is that now our formula for peg. is inde-
pendent of how much current we inject into the graph and only depends on pre-assigned
conductances (one can also think of them as weights) of the graph.

61f the walker moves along the other direction, we subtract the count.



We will skip the proofs for probabilistic interpretations of current and voltage since
Peter G. Doyle and J. Laurie Snell have done a great job in explaining these concepts
in their notes titled “Random walks and electric networks” [3]. The reader is strongly
encouraged to check it out!

We will, however, dive deeper into what pesc is when the underlying graph is infinite.
In this case, pesc Wwill correspond to whether the random walker will ever return to
its starting position or wander off far away which we call co in a rather hand-wavy
way. Hence, the probability we are interested is pegsc in the limit. Let’s make this more
formal.

3.1. Infinite Graphs.

Definition 3.9. Let { X} be a random walk on a graph started at node s. The random
walk is defined as:

e Recurrent: if P(T; < 00) =1

e Transient: if P(Ts < ) < 1
where T is the return time to s.

We will call the problem of determining the recurrence or transience of a random
walk the type problem. For finite connected graphs, all random walks are recurrent
since any path associated with the graph has a positive probability of occurring. So, if
we let the random walker walk forever, at some point, she is guaranteed to come back
to her starting location! But, this problem becomes very interesting and fun in the
context of infinite graphs, and effective resistance turns out to be helpful again.

Take an infinite graph G. Let BEG)(S) be the subgraph of G induced by all the nodes
of GG that are reachable by traversing through at most r edges from node s. As before,
the starting point of the random walk will be the node s where we will inject electricity.
Unlike before, though, we will not ground any nodes in this graph. Alternatively, one
can also imagine that we are grounding the set of nodes at the boundary of BB,(,G)(S)
but, in the limit as » — oo, no node would be grounded.

Definition 3.10. Given an infinite graph G with a chosen source now s, we will define
the effective resistance of this graph as

Fom = Jog, Ret

where R’ is the effective resistance of BS(s) when s is the source and 8B7(~G)(s) are
the sinks. Then,

1
B CsReff
In particular, if {X;} is a simple random walk on G, then
- 1

deg(s)Ret

Remark 3.11. The most important point to notice in this section is that, based on the
about formulation, the random walk on a graph is transient if Rqg is finite and recurrent
if Reg is infinite!

P(Ts = o0)

P(Ts = o0)

With this terminology, we can now introduce tools that will help us analyze random
walks from the electric perspective.

Theorem 3.12. The effective resistance Reg from s to oo is bounded above by the
energy dissipation of any flow from s to oco.



Proof. Take a flow 6 from s to co with energy dissipation
1 2
E=3 xzy: 02, Ray

Consider the subgraph induced by edges in BS (s). Now, let’s induce 1 unit electric
flow i from source s to sinks BY(s) in BE(s) (so, s; = 1). Since electric flow minimizes
the energy dissipation among all other flows including 6, we have

. 1 ) 1 1
off = ZgRZﬂf = 9 Z Zinyy < 9 Z eile‘y < 9 Z 932:ny1/ =F
(z,y)€BF(s) (z,y)€BF (s) (z,y)eG
Taking r — oo, we prove the result. Il

This means that if we prove any unit flow (not necessarily electric flow!) has finite
energy dissipation on a graph, then we know that effective resistance is finite. Thus,
by Remark the walk on the graph is transient!

Theorem 3.13. (Rayleigh’s Monotonicity Law) If the resistances of a circuit are in-
creased, the effective resistance Reg between any two points can only increase. If they
are decreased, it can only decrease.

Proof. Let i be the unit current flow from s to ¢ with resistances Ryy,. Similarly, let j
be the unit current flow from s to ¢ with resistances R,,. Now, assume R,, > R, for

all (x,y). Then, by equation
95 1 2 A 1 . 1 . ,
ZiReff = ) ngnyy > ) ngnyy > B} szcwa = ngeff
z,Y T,y z,Y

where the second last inequality holds because ¢ minimizes energy dissipation with
respect to resistance Ry,. Since both i and j ate unit flows, i2 and jZ cancel out, giving
the result. O

The Monotonicity Law coupled with Remark is very powerful. In particular, if
we know that a random walk on a graph is recurrent, then R.g = co. Deleting edges
from the graph corresponds to making the corresponding edges have infinite resistance.
Hence, if we delete any edge, the effective resistance can only increase and the random
walk will be guaranteed to be recurrent since Reg = oo will still hold. Likewise, if
the random walk is transient and we add edges to the graph (corresponding to making
edges of infinite resistance finite), it will still be transient. This strategy has a name:
Rayleigh’s short-cut method.

Theorem 3.14. If for every edge (x,y) of G, we have 0 < u < Cpyy < v < 00 for
some constants u and v, then the random walk on (G,C') has the same type as a simple
random walk on G.

Proof. Let Uyy = u and V,, = v for all (z,y) € G. Notice that the random walks
on (G,U) and (G, V) are both simple random walks, so they are the same type! Now
consider the random walk on (G, C) where U,y < Cypy < Vg, and the resistance R,y =
C%y for each edge (z,y). Let RV, Rg’;f and RY be the effective resistance of graph G

with conductance V,C and U respectively. We know %y < Ry < U%y Then, by the

Monotonicity Law, we get
\% C U
Reff < Reff < Reff
Hence, if the random walk on (G, V') is recurrent, i.e. RX& = 00, then the random walk
on (G,C) is recurrent too, i.e. RS = oo. Likewise, if the random walk on (G,U) is



FIGURE 2. 2-fuzz of 11-cycle

transient, i.e. Rgﬁ: < 00, then the random walk on (G, C) is also transient, i.e. Recﬁ < 00.
Thus, the random walk on (G, C) has the same type as a simple random walk. U

An important consequence of this theory is Polya’s theorem for random walks on
lattices of arbitrary dimensions.

Theorem 3.15. (Polya’s Theorem) Simple random walk on a d-dimensional lattice is
recurrent for d = 1,2 and transient for d > 2.

The key tool in this proof is Rayleigh’s short-cut method and embedding trees into
lattices. We will not give proof of this, but curious readers can check the beautiful
explanation of Doyle & Snell for the proof [3]. On the other hand, we will dive deeper
into trees in the next chapter and will now prove another fun theorem that uses the
same key ideas in its proof and, as a result, shows a way to identify the type of random
walk on a graph based on its drawing. This is very fascinating since it connects these
concepts with the visual properties of a graph.

3.2. Drawings of Graphs.

Theorem 3.16. If G can be drawn on paper (or R?) in such a way that for some
r<oo,d>0

e The length of each edge is less than or equal to r
e The distance between any two nodes is more than d

)

then we say that graph G can be drawn “nicely,” and when this is the case, random

walk on G is recurrent.

Note: We will also assume that G is connected as always and has a degree bounded
by some A.

Proof. Let’s first define the k-fuzz of a graph G to be the graph G obtained from G
by adding an edge (x,y) if it is possible to go from x to y in at most k steps (double
edges and loops are included). See Figure 2 for the 2-fuzz of a cycle. The proof of this
theorem involves proving several lemmas:

(1) Simple random walk on 2-d lattice Z2 is recurrent (follows from Polya’s Theo-
rem).

(2) If a graph can be drawn “nicely” on paper, then it can be embedded in a k-fuzz
of lattice Z? for some k.

(3) Simple random walks on graphs F' and G are of the same type (transient or
recurrent) if each graph can be embedded in a k-fuzz of the other graph.
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FIGURE 3. Embedding a graph in Z?2

Lemma 3.17. If a graph can be drawn “nicely” on paper for some r and d, then it can
be embedded in a k-fuzz of lattice 72, denoted by 72, for some kﬂ

Proof. Say we have a graph G that is drawn “nicely” (corresponding to the pink graph
in Figure 3). Consider Z? such that each edge has length d/2 (corresponding to the
blue lattice in Figure 3). Each square of Z? contains at most a single node of G. Hence,
one can move each node v to the bottom-left corner of the square it is part of in Z?
(illustrated by the green graph in Figure 3). Since any two nodes x and y are at most
r apart from each other, after these two nodes are translated to bottom-left corners to
be Z and ¢, the length of the shortest path between & and § would be at most r + d.
Hence, the edges between Z and ¢ (corresponding to the green edges in Figure 3) would
exist in the k-fuzz of Z? for k = r + d. O

Lemma 3.18. Simple random walks on graphs F' and G are of the same type if each
graph can be embedded in a k-fuzz of the other graph.

Proof. Without loss of generality, say G can be embedded in Fj. Let P be the proba-
bility transition matrix of a simple random walk on F'. Define a new random walk on
the vertices of the graph with probability transition matrix P = (P + P2 +... + P*)/k.
P is relevant because it turns out the simple random walk on Fj, and the random walk
on F} with probability transition matrix P are of the same type! (For now, we will
assume this. The proof is given in Lemma )

Let X be the random node a random walker starting from node s and walking
according to probability transition matrix P is on at time n. Let U, be an i.i.d random
variable selected from {1,2,...k} uniformly at random. Then, define another random
walk {Y,?}9° , starting from s based on the following recurrence:

o _ o o _ o

Notice that Y;, moves according to the probability transition matrix P! Hence, any
random walk {Y;,}5°, following P could be interpreted as a sub-sequence of {X,}5°
defined according to the above recurrence. Equivalently, one can think of {X,}>2 as
a random walk constructed by picking a path of length at most £ from Y, to Y,

7Speciﬁcally, for any k > r + d.
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uniformly at random according to P for each n = 0,1,2,.... According to this con-
struction, {X;}°°, will visit the starting node s (or any node) at least once for every
time {Y;,}22, visits that node. Hence, if a random walk according to P recurrent so is
the one according to PE|

Now, let’s assume P gives a transient random walk. Then, with positive probability,
{Y,,}>2, would not visit the starting node. Let S be the set of nodes in F' that are
reachable from the starting node in & steps. Then, for any x € S, P, s > 0. If {V,,}°°,
visits nodes in .S infinitely often, then the probability that it won’t visit the starting
node s will tend to 0. Since we know that this probability is lower bounded by a
positive number, P* moves out of S indefinitely after some, possibly large, amount of
finite steps. If {Y,}°°; never is part of S after some time, {X;}7° ; can never visit s
after some time either. Therefore, if a random walk according to P transient so is the
one according to P.

Thus, the random walks in F' and Fj, are of the same type. By the same logic, the
random walks in G and G} are of the same type. Lastly, we know that F' can be
embedded in Gy, for some k. Since deleting edges (corresponding to increasing the edge
resistances to infinity) would only increase effective resistance, according to Rayleigh’s
Monotonicity Law, the effective resistance of I’ would be larger than Gy (independent
of where the source of the electricity is). Then, if Gy or G is recurrent, then F' is
recurrent too! By the same logic, if Fy or F is recurrent, then G is recurrent too.
Therefore, the random walks in F' and G are of the same type. O

Lemma 3.19. The following two random walks have the same type:
e The simple random walk on Fy, (Say this random walk has probability transition

matriz P)
e The random walk on Fy with probability transition matriz

P=(P+P*+..+P"k

Let P? be the probability transition matrix for the simple random walk on F}. First,
it is important to clarify that P* for the simple random walk on F}, is not P through a
counterexample. Let graph F' be a path of 3 nodes and & = 2. Then, P? is the simple
random walk on Fy

L L VN (1
P=%0%P2:010PS—§§§
1 1
0 10 3 0 35 3 3 3
, 111

_ p4p 723
p=-T" _[1 1 1] _ps
> i 11)7
4 2 4

We can start the proof of Lemma [3.19 now.

Proof. By assumption, F} is a connected graph with a bounded degree. Then, the
probability transition matrix P for the original graph is reversible as we discussed at
the beginning of this chapter, meaning that there exists a function m, namely 7 such
that 7(z) corresponds to the degree of node z, that satisfies PT 7w = 7. By definition,

8Formablly, we know that the probability measure of random walks according to P that return back
to the starting node is 1. Hence, the probability measure of instances of P that return back to the
starting node should be at least 1 too.

9P is more sensitive to the original structure of the graph whereas P® eliminates the nuances between
nodes that are k=2 diameter of each other.
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FIGURE 4. a graph with high conductance or expansion

Plr = (PTr+Pr+ ..+ P "n)/k = (r+ 7+ ... +7)/k = 7 holds, so P is
also reversible. Notice that P corresponds to the random walk on Gy such that the
conductance Cy, between node x and y is m(x) P,y as we discussed at the beginning of

this chapter. Moreover, P,, > 0 if and only if there is a path from x to y of length at

most k. Then,
_ 1 /1\"
1> Py > (5 ) >0

where A is the upper bound on the degree. Thus,

A>wy = w,Pry >~ [ ' >0
Z Wy = Wy Lgy 2 AVA
Lastly, by Theorem the simple random walk on G}, denoted by P* and P are of
the same type. O

Now, let’s put the pieces together to prove the original theorem! One can embed
Zi in the k-fuzz of Z? by definition. The opposite embedding is also possible since Z?2
is just a subgraph of Zi for any k. Then, by Lemma and Lemma the simple
random walk on Zi is recurrent. Lastly, we know that G can be embedded in Zi for
some k. As before, by Rayleigh’s Monotonicity Law, the effective resistance of G would
be larger than Zi. Thus, the simple random walk on G would be recurrent too. Il

A “nicely” drawn graph would have its vertices spread out and not clumped together
while having short edges at the same time. These are the characteristics of weakly
connected graphs such as latticesm One way people characterize how connected finite
graphs are is through their conductance.

Definition 3.20. Conductance ®4 of a finite graph of a graph G with nodes V mea-
sures how “well-knit” the graph is and is defined as

i 2uesves LwweEw)
SCv  min(E(S), E(5))

where S is the complement of S and E(F) corresponds to the edges in the induced
subgraph of G by nodes in F. Although related concepts, one should not confuse
® with the edge conductances or effective conductance we mentioned earlier in the
context of electric flows.

10This is not an if and only if argument since 3D lattice embeds poorly in R? but it is still weakly
connected.
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FIGURE 5. S,,: sphere of radius n =1,2, 3,4

A well-knit graph visually would look more like a random graph as opposed to a
lattice that is highly structured. Randomness helps because it ensures edges are not
correlated with each other. For finite graphs, well-connected graphs are characterized
by a low second eigenvalue of the Laplacianﬂ This is the consequence of the famous
Cheeger’s inequality connecting the expansion properties of a graph to its spectrum.

Theorem 3.21. \
5 < Pe < V2

where Ao is the second smallest eigenvalue of the Laplacian matriz and ®g is the con-
ductance of G.

Ezxpanders are one such finite highly connected graphs. They are special because
they are sparse too, ensuring connectivity with few edges. They have many theoretical
but also real-life applications [5]!

4. BRANCHING AND PERCOLATION

Now, we turn our attention to random walks on trees. Let’s define some useful
concepts to analyze them.

4.1. Branching Number.

Definition 4.1. A cutset II of a tree T is a finite set of vertices excluding the root o
such that, if removed from the tree, the connected component including the root, Ty,
would be finite and such that no vertex in II is part of the shortest path from the root
to another vertex in II. For example, for any graph, the sphere of radius r, S,, gives a
cutset (see Figure 5).

The branching number of a tree T, denoted by brT', is defined by
T) := inf :inf —lol = 4.1
br(T) == inf{A > 0 : in ;@%A 0} (4.1)

where II is any cutset of T and |o| corresponds to the length of the shortest path from
the root o to vertex o € T. (Except for the root, each o could be associated in a

Hpe Laplacian L is defined as D — DP = D — A where D is the diagonal matrix such that D;;
gives the degree of node ¢ and P is the probability transition matrix of G as before, so A = DP gives
the adjacency matrix of a graph assuming that each has the same weight (or resistance/conductance).
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FIGURE 6. 1-3 tree with growth rate 2 and branching number 1

one-to-one manner with the edge connecting it to its parent. Hence, sometimes we
might refer to an edge with o as well.) Importantly, the branching number should be
differentiated from the growth rate, the rate at which the number of nodes increases at
every level (see Figure 6).

Since for any finite cutset II, the sum ) Aol is finite and hence positive,
infrr ) e A719l = 0 is equivalent to the existence of a sequence II,, such that |IL,| — oo
and liminfy, 3, .y A7l = 0.

There is another definition of a branching number:

br(T) := sup{\ : Ja nonzero flow 6 on T,0 < f(e) < Al°l} (4.2)

(Here, flow € is not necessarily an electric flow and could be any flow defined in Defini-
tion 2.2) This definition is equivalent to the original one due to the following well-known
theorem:

Theorem 4.2. (Maz-Cut Min-Flow Theorem) Let G = (V, E) be a directed graph with
a source node s and a sink t, and capacity c(x,y) assigned to each edge (x,y) € E. An
s-t cut (S,T) is a partition of V into two subsets S and T such that s € S andt € T.
The capacity of the cut is given by:

c(S,T) = Z c(u,v).

ueS,weT

Then, the mazimum value of the flow from s to t is equal to the minimum capacity

of any s-t cut in the network:
max flow(s,t) = min ¢(S,T).
f (5,T)

Let the root o of tree T be the source s and the leaves of the tree be the sinks. (In
the case of an infinite tree, the leaves do not exist or one can think of lim,,_,~ S, as
the leaves) Taking the capacitance of edge o to be A\™7, we get the equivalence of two
definitions of branching number.

One can also associate a random walk started from the root of tree T with some A
by attaching each edge o a resistance Al°l. Since the resistances increase as the depth
of the tree increases (for A > 1), they would force the random walker to return to the
starting point. As such, the natural question to ask is: how large A should be for the
random walker to go back to root almost surely?
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Theorem 4.3. (Lyons, 1990) Let T be a locally finite infinite tree. When A > brT,
the walk associated with A\ is recurrent, and when A < brT, the walk associated with A
18 transient.

Proof. Let s be the root of the tree. Say the walk associated with \ is transient. Then,
Reg is finite or, by equation equivalently, there exists a unit electric flow i, i.e.
is = 1, of finite energy:

. 1. . _
E =i’Ret = Regg = 3 > 2 Rey =) itR, =Y i2M < oo
z,y g o

The 1/2 factor disappeared after the fourth equality above since while pairs (z,y) for
current ¢ were ordered, we will assume that any edge o is unordered: i, is considered
to be the value of the current going away from the root through edge o which cannot
be negative as the current is injected into the root.

Now, notice that for any cutset II, 1 < ) i, since all flow should pass through
the cutset. Then, by Cauchy-Schwartz inequality,

() = () ()

This equation is true for all cutsets, specifically for SHH Notice that one can write

S -F Y i <o
o n o€Sh
Then, as n — oo, we get Y g 2\l — 0. Then, it must be that > ves, Aol o o
as n — oo. Thus, we get that A < br(7") by definition of branching number. By
contrapositive argument, A > br(7") implies that the walk associated with A is recurrent.
n
Now, assume A\ < br(7") and choose v € (A, br(7)). Next, set w, = (%) . Since

wo < 1, we get that ) w, < oo by sum of geometric series. We also know that

lo|
inf D w7 = inf > (i) Alol = inf Syl =L >0
o€ll o€ll o€ll
by our assumption that v < br(7") and definition of branching number.

Consider the capacity of each edge o € II,, to be y 171 = w‘g|)\_‘“|. By the Max-Flow
Min-Cut theorem, we know that there exists a flow 8 from the root of this tree to its
leaves whose strength is L (importantly positive) and obeys 6(c) < 1ol = w|a|)\_|0|.
The total energy dissipation of flow 6 on the graph with resistances A for each edge
o would satisfyﬂ

E=>Y 00)’A7=3"3"0(c)?A1 <> N 0(0)we AN =S ", Y 0(0)

oeT n oceS, n oS, oESy

Finally,

ESan Z 9(0):L2wn<oo

O'ESn

12Recall that S, is the cutset corresponding to the sphere of radius n. In other words, S, is the
set of nodes such that the length of the shortest path between any node v € S, and the root is n.
Importantly, S,, for n = 0,1, 3,... partitions the nodes of any tree to disjoint sets since trees do not
have any cycles.

1?’Again, 1/2 disappears since each edge o is undirected.



15

as Y e, 0(0) = L < OOE By Theorem the energy of this flow gives an upper

bound for the effective resistance of T' with resistances satisfying M| for o € T. This
implies that the effective resistance of 1" with the root as the source is finite. Hence,
by Remark the random walk on T starting from the root is transient. O

4.2. Percolation. Next, we will prove that the branching number of a (possibly ran-
dom) tree is the inverse of its critical percolation threshold. To do so, we first need
to understand percolation. Given a graph G and probability p, the percolated graph
G, is the random graph obtained by including each edge of G' with probability p in-
dependently from each other. One can view this as the thinning of edges of G with
probability 1 — p as well.

Definition 4.4. (Erdds-Rényi) If the original graph G is a complete graph with
n nodes, the corresponding percolated G), is the famous Erdés-Rényi graph model
denoted by G(n,p).

As is the case for G(n,p), many people are interested in the threshold for p for the
emergence of certain structures in this graph. One such structure is the infinite con-
nected component containing the root o of the graph, defined as C,. Such a component
cannot occur if the original G is finite (e.g. Erdds-Rényi) but it is worth investigating
if G is an infinite graph. Since this structure is widely studied, its threshold for p is
referred to as the critical percolation threshold for a graph G and is defined as follows:

Definition 4.5.
pe(G) = sup{p € [0,1] : P,[|Co| = o0|G] = 0}

Percolation theory was developed in the 1950s with the work of scientists like Si-
mon Broadbent and John Hammersley to study the movement and filtering of fluids
through porous materials [2]. It was first studied on lattices since lattices could model
the porous structure of materials: each node could represent a potential pore and
edges represent fluid pathways. Following them, we will also first explore the critical
percolation threshold for lattices and then turn back to trees later onﬁ

4.3. Lattices. Let’s start with the simple 1-dimensional lattice: Z.
Lemma 4.6. p.(Z) =1

Proof. Take any p < 1. |C,| = oo if and only if the root is connected to infinitely many
nodes on its right, on its left, or both. By union bound, we get P,[|C,| = oo] < 2p> — 0
since p < 1. Thus, p.(Z) = 1. O

One may think that p.(G) is always 1 since one needs infinitely many edges to
survive to have an infinite component. However, in certain infinite graphs, the number
of potential infinite graphs containing the root is also infinite! Hence, we may not
need p as large as 1 so that a single infinite component survives. To demonstrate
this, let’s move on to the 2-dimensional lattice Z? and show that p.(Z?) is non-trivial
(pe(G) ¢ {0,1}). We will give rather loose lower and upper bounds on p..

14T see this, notice L < Y oes,

15Note that since infinite lattices are completely symmetrical the choice of the root is arbitrary. For
trees, the choice of the root is obvious.

vl = deg(s)% < oo for positive v and a locally finite graph.
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FIGURE 7. (left) Red graph is a section of Z? and the blue graph is the
corresponding section of its dual graph (Z2)* (right) thick red edges give
the red graph post-percolation C, where o is the root and the thick blue
graph corresponds to its dual (C,)*

Theorem 4.7. 1/3 < p.(Z?) < 2/3

Proof. Let’s start with the lower bound: First notice |C,| = oo if and only if there is a
self-avoiding path of co-length. Hence, instead of P,[|C,| = oo|ZQ]E| we will consider the
probability of the latter event. Now, the number of self-avoiding paths from o of length
n is at most 4 - 3"~ ! as any such path cannot return the direction it came from. The
probability of a specific path of length n surviving post-percolation is p"”. By union
bound, the probability that there exists a self-avoiding path of length n is at most
4.3 1pn If p < 1/3, then 4 - 3" 1p™ — 0 as n — oco. As such, P,[|C,| = 00|Z?] < 0.
Then, p.(Z?) > 1/3. For the upper bound, the key step is to consider the dual of Z2.
The dual of a lattice is a lattice obtained by placing a node in the middle of each small
square in the non-percolated original lattice and connecting it to create another Z2.
Let’s call this (Z2)*. This is best understood visually, so please check out Figure 7.
Crucially, observe that for each edge e in the non-percolated original lattice G, there is
another edge e* in the new lattice G’ that intersects it. Post-percolation of Z?2, we will
say an edge e* in (Z?)* survived if corresponding e in Z? did not survive the percolation
(see Figure 7 for the dual of percolated Z?). Then, the probability that an edge survives
in (Z?)* is 1 — p.

Now, observe that |C,| < oo in Z? if and only if there exists a simple finite cycle in
(Z?)* surrounding o consisting of all closed edges. As such, similar to before, we will
calculate the probability of this event instead. Let A,, be the event that such a simple
cycle exists in (Z2)* and has length n.

Let’s first bound the number of such cycles around node o of length n. To do so,
notice that any cycle in (Z?)* around node o has to cross from one of n nodes to the
right of 0 in (Z?)* (see Figure 8 for illustration). Hence, the number of cycles of length
n around o could be upper bounded by the number paths of length n from each of these

16Helre, conditioning is unnecessary. We are doing so to avoid confusion when we introduce a new
graph. Spoiler :)
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F1GURE 8. Cycles of length 8 (green shaded edges) cross one of 8 nodes
to the right of node o (red shaded nodes) in (Z?)*

n nodes, which is bounded by 4n(3"~1) as per the calculation before. This is a pretty
loose bound but it works!
Now, assume that p > 2/3, meaning that 1 — p < 1/3. Then,

4
n(3"H(1-p)" < gnxn_l

for some x < 1. Then,

>4 ., 4 4 ( 2° xt
St =g (s S = (e )

n=4m=n

converges. Then, for some large enough N,

oo
P,[US v An|(Z2)*] Z]P’ [An](Z2)* Z4n B HA-pr< > <1

n>N

This is the critical point of the proof where the duality is exploited! Take the event
B to be the event that all edges of [N, N] x [-=N, N] survived and By to be the
event that there is no completely survived simple cycle in the dual (Z?)* surrounding
[N, N] x [-N,N]. Observe that B; N By implies |C,| = co. To see this, assume B
and Bs. Then, take any simple cycle in the dual (Z2)* surrounding [~N, N] x [N, N].
By Bs, we know that some edge in (Z2)* is part of this cycle but did not survive. Then,
by duality, some edge in Z? connects the inner part of this cycle to the outer part of
the cycle that has survived! (see Figure 9) Thus, there is always going to be an edge
that will allow the connected component containing [~ N, N] x [N, N] in Z? to extend
more and more, meaning that |C,| = co. One can find all these edges that extend the
original connected component greedily by choosing a cycle that tightly surrounds the
connected component at each step.

Wrapping up the proof, since B; and Bs deal with different edges, they are indepen-
dent events. Then, we have P[C, = oo] > P,[B1 N By] = Pp[By] - Pp[Bs]. N is finite,
so P,[B1] > 0. Moreover, P,[Bs] > 1 — P,[UN-} A,,|(Z?)*] > 0. Then, P,[B; N By > 0,

suggesting
P[C, = o0] > 1 — Z —2"

Thus, p.(Z?) < 2/3. O
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FIGURE 9. Red graph is a section of the original graph Z2?. The
blue graph is its dual (Z?)*. For N = 4, the middle block gives
[N, N|x[=N, N]. The blue cycle represents an arbitrarily picked cycle
surrounding surrounding [—N, N] x [-N, N| in the dual. The core of
the argument is By implies one of the edges intersecting this blue cycle
survives

Remark 4.8. The method of proof used here is often called a contour or Peierls argu-
ment. A more advanced version of this is used in proving the exact threshold for Z2
giving the following result.

Theorem 4.9. p.(Z?) = 1/2.

Remark 4.10. Finding the percolation threshold in higher-dimensional lattices is chal-
lenging due to the exponential increase in possible configurations as dimensions rise
(e.g. too many cycles), making an analysis more complex. Higher dimensions also
lack the symmetries and simplifications present in 1D and 2D, not giving any clear
arguments based on duals.

As we mentioned before, there are infinitely many potential infinite components in
72 and Z? for any d > 2 too. Above the percolation threshold, at least one of them
will survive. Naturally, the next question is: how many infinite components are there
above the percolation threshold?

Theorem 4.11. The infinite component in the percolated d-dimensional lattice is
unique if it exists.

The proof of this theorem uses one of the most famous results of probability theory:
Kolmogorov’s Zero-One Law.

Theorem 4.12. (Kolmogorov’s Zero-One Law) Given a probability space (2, F, i) and
a sequence {A,} of independent events taken from this space, if we consider an event
S from the tail o-algebra F generated by the events of {A,}, then u(S) is either 0 or
1.

Let’s first understand what this theorem says: €2 is our outcome space, F refers to
o-algebra on the elements of €: the set of some subsets (of € in this case) that is
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closed under union, complement, and intersection, and p gives the probability of each
subset of 2. We will use this theorem without proof. The proof itself is based on the
independence of events and is not that hard once the definition of the tail events is well
understood.

Definition 4.13. The tail o-algebra generated by the sequence { A, } is the intersection
of smallest o-algebras F,, containing Ay, ..., A,, and tail event is any event S that lies
in this intersection:

S e ﬂioilfi
Intuitively, one can think of a tail event S as an event that is always independent of
finitely many events from {A,}.

We are ready to prove Theorem which will give an example of of a tail event.

Proof. Assume there exists an infinite component. First, we will argue that the event
that there are exactly n number of infinite connected components in the percolated
lattice is a tail event. Let’s call this event S,. To see this, let A; be the event that
the i*" edge is open. Note that a finite number of edges being closed or open does
not affect whether there is an infinite component or not. Then, S,, € N2, F; is a tail
event. Hence, P(S,,) is 0 or 1. Because Sy for k € {1,2,3,...,00} are disjoint events
and P(US,) = > P(S,) = 1 by assumption, we have P(S;) = 1 exactly for one k.
Surprisingly, it turns out that ruling out k € {2, 3, ...} is easier than k = co. Here, we
will only do the former. The reader is referred to [§] for k = cc.

Without loss of generality, pick k& € {2,3,...}. Assume for the sake of contradiction
that P(Sk) = 1, so we have P(S;) = 0. Let Fjy = {there are k infinite clusters and
each intersects [—M, M]?}. First, notice F} C Fy C ... and UF; = Sj. Therefore,
P(F,) — 1. Then, there exists some N such that P(Fx) > 0 by the usual definition of
limit.

Let Fy be the event that all k infinite clusters touch the boundary of, but not
necessarily intersect, [~N, N]¢. This event is determined only by the events outside of
[N, N]%. Let G be the event that all edges in [~N, N|¢ are open. Notice that this
event is determined by the events inside of [-N, N ]d, so Fy and G are independent.
Since N is finite, P(G) > 0. Secondly, observe Fy C Fy, so P(Fy) > P(Fy) > 0.
Then,

P(S1) > P(FyNG) = P(G) - P(Fy) >0
This is a contradiction. Hence, ¥ = 1 and the uniqueness of the infinite component
follows. 0

Remark 4.14. This proof is interesting because it reflects a common technique we will
touch on again later based on growing independent large (or infinite in this case) clusters
and arguing that they have to intersect each other.

4.4. Trees. Finally, we are back to trees and branching numbers!

Theorem 4.15. (Lyons, 1990) For any tree T,

1
T)=—
Pe(T) brT
Proof. Let o be the root as well as the source. Given a cutset II and A > 0, let

Ch=Y A

oell
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(One can think of Cﬁ as the capacity of cutset IT using the terminology of flows). Let
2, be the outcome space for the state of the tree 1" after percolation with probability p
and let T,(wp) be the connected component containing the root post-percolation. Also,
define IT(wy,) = To(wp) NII. Then,

ZIP’UET (wp)] Z:p‘g‘—C'p1

oell o€ell

The second last inequality comes from the fact that for a vertex o (or edgeEI) to be
part of T, after percolation, all of the edges in the shortest path from the root to this
vertex o have to survive. »
Say p~—! > brT, then there exists a sequence II,, such that Z%n — 0 as |II,,| — oo by

definition of branching number. Then,

.. 1 .. 1 .. -1

0< E[hrﬁinf 2y, i(wn)] < hminf ElZy, )] = hminf ch =0

[Ty | =00 [Ty | =00 [T, | =00
where the second inequality is due to Fatou’s Lemma (see Appendix). This implies
that

o 1 _
lim inf Zp, (o) = lim > Loty =

IL,, | —o0 |Hn\—>oo o€ll,

almost surely, meaning that |T,(w,)| is finite almost surely. Thus, pe(T) < 55=.
Now, assume the opposite: p~! < brT. Now, let’s inject one unit of flow into the

tree from the root and define{ld

X9 (w,) Z 0(c)p 7!

0E€Sn(wp)

where 0(o) corresponds to the amount of flow that passes through edge o before per-
colation.

Take W = {w, € Qplo € Ty(wp)} for |o| = 0,...,n. Let F, be the sigma-algebra
generated by W Note that X? is fully determined by F, (i.e. it is measurable
relative to J;,) and E[X?] < 1 < co. Furthermore, we have

EXS 0 Fl =) Y pb(r)p 1 = > 0(o)pl = X

oES, 0T gESy

where o — 7 indicates 7 is children of ¢ in the branching process, the first equality is due
to E[l,¢cs,_,] = p (the survival probability post-percolation) and the second equality is
because the sum of flows that pass through child nodes gives the flow passing through
the parent node pre-percolation. Thus, by definition, sequence {Xz} is a martingale
(see Appendix for all the following facts on Martingales).

Since {X?} is a nonnegative sequence by definition, by Martingale Convergence
Theorem, it converges almost surely to some finite random variable X?. The conditions
of the Martingale Convergence Theorem do not guarantee convergence of expectations.
However, if the martingale is bounded in L?, the convergence in mean also holds. Then,
let’s show the bound in L2.

1TRecall that every node except for the root has a unique edge that is associated with a tree, namely
its edge connecting it to its parent vertex

18Recall S, is the cutset corresponding to the sphere of radius n

19The set of sets that is closed under complement, countable unions, countable intersections, and
contain all w, € W
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FIGURE 10. ¢ =o AT, {V|p — v} = {u,v},
S9 = {uy, ug, v1,v9,v3}, S = {ur,uz}, SL = {vy, v9,v3}

To do so, for node o and 7, define o A 7 as the node furthest from the root both
the shortest path from the root o to ¢ and the shortest path from the root o to 7
contains. For example, in Figure 10, o A 7 gives ¢. Secondly, {v|c — v} gives all the
offspring of 0 For example, in Figure 10, {o|¢p — o} = {u,v}. Lastly, let 5S¢ be all
the grandchildren of ¢ in S,,. In other words, 52 is the set of all nodes u € S, such
that the shortest path from the root o to u contains ¢. Then,

E[(X)2= Y 6(0)0(7)p *"Plo. T € To(wy)]

0,TESn

= Z Q(U)Q(T)p—%(plff/\TlplUl—\UAT\p\T\—IG/\TI)
0,7ESn

= Y 00 7 =" p U N 6(0)6(7)
0,7€ESn |p|<n 0,7€ESn

ONT=0¢

2

= oD b)) = D b))

[p|<n ocesy oSy
ONTHP

201f 5 is a leaf node, we have {v|o — v} = 0.
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Using 0(¢) = >_ g0 0(0), we simplify the first term and get

=D e’ = > | X 6

[pl<n ¢—v \o€Sy
lv[<n

where the second term is due to the following reasoning: (1) o AT = ¢ implies o, 7 € S%,

and (2) for any two nodes o, 7 € S9 , 0 AT # ¢ if and only if 0,7 € S}, for some offspring
v of ¢ or ¢ — v (see Figure 10 for an example)ﬂ Lastly, we have

= > p o - X 02 < 3 pece)?
|p|<n o—v lp|<n
lv|<n
Then, by our assumption p~! < br(T) and Theorem [4.3, the walk associated with
A= % is transient. This means that effective resistance or, equivalently, the unit electric

flow associated with p~! has finite energy. Let the unit flow § we injected correspond to
this electric flow since the choice of 6 was arbitrary. Then, the sum Z| bl<n p“¢|0(¢)2,
corresponding the energy dissipation, is finite, implying E[(X?)?] < cc.

Then, E[X§] = E[XY] = ... = E[X?] — E[X?] and, thus, E[X{] = E[XY] = 1 since
the flow is unit. Then, X? > 0 is positive with positive probability. This means that
the tree does not go extinct with a positive probability. Therefore, |T;,(wp)| is infinite
with positive probability. This implies p.(T") > ﬁ, concluding the proof. U

This theorem holds for any tree, even the random ones. On this note, we introduce
one of the most classic ways to generate random trees in the literature: Galton- Watson
branching process!

Definition 4.16. The Galton-Watson branching process {Z, },>0 models the size of
generations in a population. It starts with Zy = 1, a single node. Next, given that Z,
nodes are present in generation n, the number of offspring of nodes in generation n is
given by i.i.d. random variables X, ; for ¢ = 1,...,Z, and all n. Then, the size of the
next generation is given by:

Zn,
ZnJrl = E Xn,i-
=1

This is a single-type branching process since all nodes’ offspring distributions are iden-
tical.

Define 7 as the probability of extinction, i.e., lim,_,o Pr(Z, = 0). For the branching
process to go extinct, each branch has to go extinct. Since each branch is independently
distributed, 7 satisfies the closed form below:

n=Gn) =En*]=>_ pn*
k=0

where py = Pr(X = k) and G(0) = po. When py = 0, it is obvious that the branching
process never goes extinct, so 7 = 0. Now, let’s look into py > 0. Since G(1) =1, 1 is
always a root of G(n) = n. Because G"(n) = > 72 prk(k — 1)n*=2 > 0 for py > 0, G
is strictly convex. Then, G is strictly increasing, so the final curvature of G at n =1
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determines whether G(n) = n holds for any n < 1. Thus, when G'(1) < 1, the only
root is 7 = 1. When G’(1) > 1, however, there exists one another root, and it is not
that hard to show that 7 should correspond to the smallest non-negative root (refer to
[7]). We will define the probability of non-extinction or survival as ( =1 — 7.

Lastly, notice G'(1) = S°72, pekn*~t = 332, prk = E[X], giving the next corollary.

Corollary 4.16.1. If the mean degree of a tree generated by the Galton- Watson process
is less than 1, then this tree is finite (i.e. Zy =0 for large enough t) almost surely.

Definition 4.17. One can also have a similar branching process that generates a
random tree that allows for nodes with k different offspring distributions as follows:

Let Z7(1j ) denote the number of entities of type j in the n-th generation. Then, Z, =

]?: Zr(Lj) is the number of nodes in generation n as before. The dynamics of the
7=1
process is described by:

Zr(Ll) Z£L2) ZT(’Lk)
U _ (L.5) (2.9) (k.5)
Zn]—&—l - Z Xn,ij + Z Xn,ij +oe Tt Z Xn,i]
i=1 i=1 =1

(

where Xn{;j ) is a random variable representing the number of type j offspring of a type

[ node in n-th generation. In this model, for a fixed (k,j), XT(LkZ-’j ) is independent and
identically distributed for all n and . Since different node types have different offspring

distributions, this model is called a multi-type branching process.

Theorem 4.18. (Lyons, 1990) Let the probability of k offspring be 0 < pr < 00 in a
Galton-Watson branching process. Then, if m = > kpy > 1, the branching number of
the tree is m a.s. (almost surely) conditioned on the branching process surviving.

Proof. Let T be a random tree sampled from the Galton-Watson distribution g with
mean offspring m. Now let’s percolate on T" with probability p. Notice that T5,(w,), the
connected component containing the root post-percolation, is going to follow another
Galton-Watson distribution pe with mean offspring mp.

By Corollary £.16.1], we know that when mp < 1, we have

Props ([To(wp)| < 00) = Proyy (IT] < 00) =1

Then, critical percolation probability p.(T) > 1. By Theorem 2.8, we get br(T)
a.s. Since the result holds almost surely, conditioned on the survival of T', br(T")
a.s. as well.

Now, we will prove that, conditioned on survival of the branching process, br(T) > m
a.s. Let S be the event that the branching process survived. Define

<m
<m

A* = sup{z|x < m,Pbr(T) > z] > 0}

For any A > \*, we know that P[br(T)) > A] = 0 by definition. Conditioned on
survival of T', P[br(T) > A| T survives] = 0 as well. Next, take any A < A*. Then,

Plbr(T) < X = 3 Blbr(T) < \fpe = 3 (1 — Blbe(T) > X)*py < 1
k=1 k=1

Importantly, notice that P[br(7T") < ] follows the same generating function as
Plextinction] in Definition £.16] Since A < A*, P[br(T) > A] > 0. Thus, we have
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1 —P[br(T) > A\| = Pbr(T') < A] < 1. Then, we can conclude that P[br(7) > A\ =
P[S]

So far, for P[br(T") < A], we have not conditioned on anything. Now, let’s condition
on the branching process surviving.

Plbr(T) > A, S]  Pbr(T) > A _

P[br(T) > A|S] = P[S] P9

Second equality holds because the branching number being positive already implies .S,
and last equality comes from P[br(T") > z] = P[S] from before. Then, we get

1, if A<\

: (4.3)
0, if A >\

P[br(T) > A|S] = {

Hence, br(T') = A\* a.s. conditioned on the survival T'. Lastly, we will show that A* > m
a.s.
For any mp > 1, we know that

0 < P[|To(wp)| = oo]
= Bz, [P[To(wp) = oolT]

< ETwul [H{P[TO wp)—oo\T]>O}]
= Py, [P[To(wp) = 00| T] > 0]

= Procyiy [pe(T) < p = Procyy [br(T) > 1/p]

Second equality here uses the Law of Total Expectation whose proof uses Fubini’s
theorem. Fubini’s Lemma’s assumption (see Appendix) holds in this case since all
values we are concerned with here are probabilities or indicators, hence everything is
non-negative, and associated integrals are bounded by 1. Then, for any p > -~ meaning
that 11) < m, we have P[br(7") > 1/p] > 0. Conditioning on the survival can only increase
the branching number, then P[br(7") > 1/p|S] > 0 too. Lastly, because conditioned on
S, branching number is a single number \* almost surely, br(T) = \* > m a.s. O

One can generalize this proof to account for the multi-type branching process to get
the following theorem. We will omit the proof here. The reader is encouraged to check
Lyons’s 1990 paper for the details [6].

Theorem 4.19. Let m be the mazimum eigenvalue of the mean matriz of a supercritical
positive reqular non-singular multi-type branching process. Given that the process does
not become extinct, the branching number of the tree is m almost surely.

Corollary 4.19.1. A simple random walk on a Galton- Watson tree with mean offspring
m =Y kpr > 1 is transient almost surely conditioned on the non-extinction of the tree.

Remark 4.20. This result is interesting because the underlying graph is random. In
the literature, this is called a RWRE (random walk in a random environment). Such a
stochastic process combines the randomness of the environment with the randomness

22This generating function has one or two roots and one of them is always 1 as described in Definition
4.16] Plextinction] corresponds to the smallest root. In our case, we assume that this branching process
will survive with positive probability. Hence, there is one another root smaller than 1 corresponding
to Plextinction].
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of the walk which complicates the analysisﬁ Traditional properties like recurrence,
transience, or the expected distance covered might change dramatically compared to
standard random walks.

5. LocALLy TREE-LIKE GRAPHS

Now, we will generalize the results we have proved for random trees to more complex
graphs such as Erdds-Rényi and small-world networks that are locally tree-like using
the theory of local convergence! Local convergence is a central technique in random
graph theory that was first introduced by Benjamini and Schramm [I]. It describes the
notion that a graph, seen from the perspective of a node chosen uniformly at random
from all nodes, behaves like a certain limiting graph. For example, many random
graphs converge into a branching process in the limit as we will see. Since random
trees are generally simpler objects than most other random graphs, this means that to
understand the random graph, it often suffices to understand the random tree instead!
To introduce this theory, we will follow the notation in [4] closely.

5.1. Local Convergence of Graphs.

Definition 5.1. A rooted graph (G,o0) is a graph G with a root node o € V(G). Let
(G1,01) and (Ga,02) be two rooted graphs. We say (G1,01) ~ (G2, 02) or (G1,01) and
(Gg, 09) are isomorphic to each other when there exists a bijection f : V(G1) — V(G2)
such that:

(1) (u,v) € E(Gy) if and only if (f(u), f(v)) € E(G2) for all u,v € V(G).

(2) f(o1) = o02.
We will denote ¥, for the space of rooted graphs modulo isomorphism.
Definition 5.2. (Metric on rooted graphs %) Let (G1,01) and (Gz,02) be two rooted
connected graphs, and BﬁG)(o) denote the (rooted) subgraph of (G,o0) of all nodes
at graph distance at most r away from o. The distance metric that allows ¥, to be
interpreted as a metric space is as follows:

da.((G1,01), (G, 02)) = —

1+ R*

(5.1)

where
R* = sup{r : B{%(0;) ~ B2 (0y)}

This metric space is nice, specifically, it is separable and Polish, allowing us to define
a measure on it and have convergence in distribution, in probability, or almost surely
on this space.

Definition 5.3. (Local convergence in probability) Let (G,,),>1 with Gy, denote a finite
sequence of (possibly disconnected) random graphs with n nodes. Then, G, converges
locally in probability to (G, o) having law p when

E[A(Gn, 00)|Gn] 5 E,[h(G, 0) (5.2)

for every bounded and continuous function h : ¥ — R, where the expectation in
the left-hand side is with respect to the randomness of the root o, and the graph

23Randomness in the environment could mean that the probabilities dictating movement from one
point to another are random and either fixed once set (quenched randomness) or change dynamically
as the walk progresses (annealed randomness). The decisions about where to move next are typically
probabilistic and depend on the current position’s properties in the environment.
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FiGure 11. Erdés-Rényi is locally tree-like!

G, and the expectation on the right-hand side is with respect to the randomness of
the distribution. For this thesis’ purposes, the limiting distribution is going to be
deterministic (i.e. a single distribution z will have probability 1 in the limit). We will

note this by (G, op) 5 (G,0).

Remark 5.4. It is important to notice that here (G, 0,,)’s and (G, 0) are random vari-
ables on ¥, with their respective laws (distributions or measures), and what’s converg-
ing is their laws (distributions or measures). There is also the notion of local weak
convergence of graphs corresponding to convergence in the distribution of their mea-
sures. However, since convergence in probability already implies convergence in the
distribution, we omit that definition for the sake of brevity here.

We will use the theorem below to simplify the definition of local convergence in
probability. The reader is referred to Chapter 2 of [4] for the proofs.

Theorem 5.5. (Criterion for local convergence) Given a sequence of graphs (Gn)n>1,
G, converges locally in probability to (G,0) ~ u if and only if

1 P
(@) (H,) = ——— E 1, Gn B (B9 (o)~ H, 53
S VGl (B 1y B (0) ) (5.3)

for every rooted graph H, € Fi(r) C 9. and any Fi(r) that satisfies u(BﬁG)(o) €
Ti(r)) =1 for each integer r > 0.

Remark 5.6. This result is very powerful because, firstly, it reduces proving convergence
to just counting subgraph frequencies and, secondly, given a guess for the limit
graph distribution, it further reduces the proof of convergence to counting frequencies
of subgraphs sampled from only this limit graph distribution.

One of the consequences of this theory is that it makes the notion that Erdds-Rényi
(defined when we introduced percolation) is locally tree-like rigorous.

Theorem 5.7. (Local convergence of Erdds-Rényi random graph) Fiz A > 0. G(n, \/n)
converges locally in probability to a Poisson branching process with mean offspring .

Remark 5.8. We will not explain this proof in detail since similar versions of the argu-
ments here are used and explained in depth to prove the local convergence of small-world
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networks in the last subsection Since the proof for small-world networks does not
exist in the literature to our knowledge, we wanted to give further information there.
The reason behind the similarity of the proofs is that, in the limit, the random short-
cuts of a small-world network (defined in behave like the edges of an Erdés-Rényi
graph. Curious readers can refer to Chapter 2 in [4] if they want to see a more rigorous
treatment of the proof below.

Proof. Let Gy, = G(n,A/n) and Poi(\) be the Poisson branching process with mean
A. Using the criterion given by Theorem we prove the convergence of subgraph
proportions in [5.3]only for the r-neighborhood around the root of rooted trees that can
be sampled with a positive probability from Poi(\). Let’s fix one such r-neighborhood
of a tree: t. We need to show that, for every such tree ¢ and all integers r > 0,

1 P
plo(t) = - Z Lip@m ymty — (B (0) ~ 1)
u€(n]

where 1 of (G, 0) is the distribution of a Poi(A) branching process.
One can order this ¢ as well as G, and G starting from their root through a Breadth-

First Search process, breaking ties arbitrarily. We make this explicit by writing §£G) (0)

for the ordered version of B{“) (0) and ¢ for the ordered version of ¢. Therefore, we can

write EgG)(o) — ¢ to indicate that the two ordered trees B\~

r

(0) and t agree. Then,
1 _F#() P @y o
n %:] 1{B,,(-Gn>(u)§t} ~n %:] 1{B$G”)(u):t} S # O (B (0) =t) = u(BD(0) ~ t)

where #(t) gives the number of different ways one can relabel ¢ breaking ties differently.
Since G ~ Poi(\), one can compute

e—)\ T
WB0) == ] iy

Pt ;!
i€t]:dist(o,a;)<r

where x; denotes the number of offspring of v; in t. What’s left to show is that
1 P e AT
n 2 Lpen ey 11 al
u€[n] 1€[t]:dist(o,a;)<r

We will start by showing the convergence of the first moment, namely

1 5(Gn)
E |- 1000 | =PE 1) =1

u€(n|

where the equality is due to symmetry.

Let X; be the number of offspring of node 7 in G,, can be so that B,(,G”)(u) is still
a tree isomorphic to ¢ up until node ¢ based on the information we know after we are
done exploring ¢ — 1-th node in the Breadth First Search process to order G,,. Notice

Xi ~ Bin(ni_l, /\/n),

where n;_1 equals to n — s;—1 — (i — 1), ;-1 is the number of active vertices we have
found but not yet explored, and ¢ — 1 is the number of already explored edges once we
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explored i — 1-th node. We are subtracting s;—1 and ¢ — 1 from n because we do not
want node ¢ to be part of a loop. Then,

PB 1 =t=[[  P®nmn)=x)x][] (1 _ 2) o

ie[t):dist(0,a;)<r i€ft]

where Hie[t] (1 — %)si_l ensures that node ¢ does not create any loop with already found
nodes. Therefore, since P(Bin(n;, A\/n) = x;) — e )‘xjf
are all constants with respect to n for any locally finite G,, (which is the case here), we
have

and s;, A\, and —s;_1 — (i — 1)

P = [ e =uBV0) =1 =uB0) =0
i€[t]:dist(0,a;)<r v

The proof of the convergence of the second moment is the same as the one for small-
world networks in Section except for the calculation of ]E[\Bq(nG”)(v)H where v is a
node chosen uniformly at random from G,,. In the case of Erdés-Rényi with n nodes,
the expected degree of a node is A. Thus, by induction on k, one can show that

IE[|B§G")(U)|] is bounded above by 1 + A + --- A" = % which is a constant with
respect to n and the result follows (refer to Second Moment subsection in for the

details). 0

5.2. Phase Transition in Erdés-Rényi. As a graph grows, understanding its global
properties can become intractable, but this theory will allow us to estimate such global-
level properties by examining local neighborhoods. In particular, we will explain why
the size of the giant component in Erdds-Rényi, while seemingly global, ends up being
a local function of the graph and recover the phase transition threshold for Erdés-Rényi
as a result. Let’s define this property formally.

Definition 5.9. A giant component in a graph is a connected subgraph containing a
positive fraction of the total nodes as the graph size grows. In other words, the size
of the giant is #(n) where n is the number of nodes. For a graph G with n nodes, the
phase transition refers to the critical point pE for p where a giant component emerges
when one thins (or percolates) the edges of G with probability 1 — p. If p < p,, all
components are small, i.e. their size is o(n), but, if p > p., a giant component appears
with high probability.

C(% will denote *" largest component (which can be a giant component) with ties
broken arbitrarily in the graph G. The largest component Cg) will be referred as CS, at

times. Lastly, Cf will be the connected component containing the node v. If the graph
we are talking about is obvious, we will drop G. Now, we are ready to characterize the
giant in terms of its limit.

Theorem 5.10. (Upper bound on the giant) Assume that G,, converges locally in prob-
ability to (G,0) ~ . As before, ¢ = u(|CS .| = 00) for the survival probability of the
limiting graph (G, o0). Then, for every e > 0 fized,

P(ICSn.] < n(¢+€) — 1.

max

In particular, when { =0, then,

n

24T his is different than percolation threshold.
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meaning that there can only be a giant when the local limit has a positive survival
probability.

Proof. Since we want to prove a result holds in probability, we will first introduce a
probabilistic little ‘oh’ notation that will be useful: if limy_,, limsup,,_, . P(| X, x| >
€) = 0, then we say X, = orp(1).

Now, assume G,, converges in probability to (G,0). Second, let’s define V>, =
D0V (Gn) Ly ic6n >k for G,, and (> = P(|CS| > k) for G. Because the fraction of nodes
in GG, that are part of each subgraph with more than k nodes converge in probability
to the corresponding fraction for (G, o),

V>k

n Z Lo sky = D ICG 1L ey 2hy = Co
i>1
Note that (>, — ¢, so we have
V>k
Z Legnizng = 210G Legnpsny = ¢+ 0k2() (5.4)
1>1

Furthermore, we can choose large enough K such that ¢ > (>x — €/2 for any e. Now,
observe

P(Crmaz = n(C +€)) < P(Vay = n(C +6) SP(Vap 2 n(Cx —€/2)) = o(1)
as K and n get larger by equation [5.4] Since € is arbitrary, n¢ is an upper bound. [
This theorem has a significant consequences for Erdds-Rényi G(n, %) Specifically,
it shows that the size of the giant is bounded by ¢ - n with high probability where ( is

the survival probability of Poi(\) branching process. Even better, we will able to give
an exact order of the giant in Erd6s-Rényi via the next theorem!

Theorem 5.11. Assume that G, converges locally in probability to (G,0) ~ p. Say
C = M(|C§Lam| = OO) and

Fimn = %E[#{(l‘ay) € V(Gn) x V(Gn) - [C(2)], IC(y)| = k, 2 y}]

be the expected fraction of disconnected pairs belonging to connected components with
more than k nodes in G,,. Assume limy_ o limsup,,_, o Fin = 0. Then, with Cyae =

C(Ci’)L and Cg;y = C(C;)", we have

IC2)l P,

’Cma:r| ﬂ ¢ = N(‘C(ON = OO),

n

Proof. The previous theorem gives us the upper bound, and now we will prove the
lower bound. To do so, we first prove an important lemma.

Lemma 5.12. If hmk%Oo limsup,, ., Fin =0, then
2 Z Co) P Lgieqy12hy = ¢ + ok p(1)
i>1

Proof. We will use the second-moment method for this proof. One can rewrite ¢ +
opp(l) = %Zi>1 \C . \ﬂ{\c(i)|>k}- Now, let’s square both sides:

¢+ opp(1) Z!C |Tl{|c()|>k}+ QZZ!C WCGH L gic 12k Liic ) 12k}

i>1 i>1 j#i
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The second term equals to Fj, 5, so it is 0 in the limit. O

Going back to the original theorem, we get a lower bound:

1 Cimaa)| Cmaa)|
orp(l) = — D 100 Lieizr < —g 3 106 L izr = — = ((+orp(1))
i>1 i>1
Lastly, dividing each side by ¢, we get ( + o p(1) < w Since k is arbitrary here,
we can conclude that
Craa| 2, . (5.5)
n
For the second largest component, by equations and we get |C§1—2)| Lo 0

Remark 5.13. Intuitively, limy_, limsup,, , . F » = 0 ensures that the distribution of
the graph in the local limit controls the size of the giant because it guarantees that there
cannot be multiple disjoint arbitrarily large components. Because the convergence of
the size of the giant requires this extra condition, the giant is called “almost” local in
the literature.

Importantly, Erdds-Rényi satisfies the assumptions of Theorem [5.11] For the proof,
one should first notice the simplification below.

Theorem 5.14. Assume that Gy, converges locally in probability to (G,0) ~ w. Say
¢ = u(|CS | = o0). Then, we know that condition limy_, limsup,,_, Fi., = 0 if

L 1
lim T sup — [#{(2,9)  [0BE @) 10BE" ()] = 1,0 =y} =0, (5.6)

T p—oo
provided that there exists r = r, — oo such that, as k — OOE
w(ICS| > k,|0By (o) <) = 0, u(IC5'| < k.| B (0)] = 7) = 0 (5.7)

We have already mentioned that Erdds-Rényi converges in probability to the Poisson(\)
branching process. Before giving the proof of this theorem, we will motivate it by
showing that a Poisson(\) branching process satisfies assumptions Let G ~ pbea
Poisson(\) branching process. For each k, take 7, = k. Clearly, u(|CS| < k), |B% (0)| >
r) = 0 for any k. To prove u(|CS| > k,|0BS (0)| < r) — 0, we will take advantage of
Kesten Stigum Theorem.

Theorem 5.15. (Kesten-Stigum Theorem) For a branching process with i.i.d. off-
spring X having mean p = E[X] > 1, p="Z, converges almost surely to some finite
random variable W with probability 1. Furthermore, conditioned on non-extinction, W
18 positive with probability Im

If the branching process goes extinct, u(CS§ > k) — 0 as k — oo. If it doesn’t,
conditioned on non-extinction, |0BS (0)| = Z, ~ Wu" — 0o as r grows since W > 0 by
Kesten-Stigum. Thus, u(|0B%(0)| < r) — 0. Hence, for Erdés-Rényi, we can actually
use condition (4.23) instead. Now let’s prove Theorem

25Qualitatively, assumptions corresponds to the tree not being too tall or fat.
26The proof relies on M,, = u~"Z, being a Martingale and then the Martingale Convergence

Theorem (see Appendix) for almost sure convergence. By properties of martingales, we know that
1 = E[Mo] = E[M,] = E[W]. Therefore, W is finite a.s.
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Proof. Denote
Py = {#(x,y) 1 (€T, [C"| > kyx ey}
Pl = {#(x,y) : 0B (x)], |0B" (y)| > 1,z «» y}
As before, define

Ver>k = Z 11{\aB?“(v)|<n|9(v)|2/<?}

Vorar= ) LijoBS () <rjcSm 2k}
UEV(Gn)
Then,
| Py — PT’] < 2n[V<r,2k + Vzr,<kz]

Therefore, by local convergence in probability, as n — oo,
1 2
ﬁfpk —- P < E[V<r,2k + Var<il

P
= 2 p(|CF| = k. [0BF (0)] <) + 2 ul|CF| < K, |0B (0)] = 1)
Take r = 7. Then, the ending result vanishes as £k — oo by assumption SO
limy o0 limp o0 =5 | Py — Pl = 0.
Notice for any k, limp—oo 2| P — P| < 2[Vep sk + Varar] < 2(n +n) = 4. Then,
by the Dominated Convergence Theorem (see Appendix),
1 1
lim E[lim —|P, — P;|] =E[lim lim —|P, — P[] =0.

k—oo Mm—oonmn k—ocon—oo
Similarly, for any n, |n—12|Pk - Pl| < #27}2 = 2. By the Dominated Convergence

Theorem,

. . 1 A . . 1 AN
lim lim E[?|Pk — P = klilglonlgngo EEHPk: — P[] =0.

k—o0 n—00

All in all,
lim lim sup iIE[P;C] < lim limsup iIEHPk — P + iIEZ[P’] =0 (2.6.47)
ko0 mooo T2 T k500 moeo M2 T n2 =T ’

where last term vanishes because r := r, — oo when k — oo. Il

We will not get into the full proof of why Erdds-Rényi satisfies this new condi-
tion in Theorem The reader is referred to [9] for the details. On the
high level, they first notice that if one chooses 01,02 € V(G,,) uniformly at random,
P(|0BS%" (01)|,|0BS" (02)| > 7,01 «» 02) gives the same expression as the expression
Secondly,

P(|0By(01)],|0B;(02)| = 1,01 +# 02)
= Y Plor 0oll0Bi(oy)| = by, Broi(og) = s i € {1,2})
p(D @ (D) ()
0 Y0 °°0 °°0
P(10B, (0:)| = b, Br—i(0r) = s, € {1,2}).

Then the aim is to show that, for every € > 0, we can find r = r. such that, for every

b(()l), b(()2) > r and s(()l), 562) fixed,

lim sup P(01 + 03)|0B(0;)] = b\, Br_1(0;) = s\, i € {1,2}) < e.

n—oo
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Conditioned on |0B;(0;)| = b(()i), B,_1(0;) = s(()i),i € {1, 2}, they notice that
[0Br41(01) \ Br(02)| ~ Bin(n, p),

where

(1 _ @2

n=n-—=s, —s8 ,

A\
()
n
(1)

(One can get a similar expression for B, (02)) Here, 1 — (1 — %)bo makes sense since
it gives the probability at least one of the nodes in B,(01) will be connected to each
node outside of B,(01) and B,(02), which suffices to increase |0By11(01) \ Br(02)|.
Then, they use the following lemma to show that the boundary |0B,41(01)| is close to
A|OBy(01)| for  and n large with high probability so that the boundary grows by a
factor A > 1, eventually giving |0B,1(01)| &= A¥|0B,(01)|. Thus, in roughly alog, n
steps, the boundary will have expanded to n® vertices.

Lemma 5.16. Let X ~ Bin(n,p). Then, for every é > 0,

S’E[X]
P (X — ELX]| > 0B[X]) < 20xp (~53 1)

Then, they grow |0B,(01)] for k > 1 until |0B,4x(01)| is very large. Then, outside
of B, (01) for the appropriate k, they grow |0B,(02)| for k > r until also |0 B, (02)|
is large too. In the end, the boundaries are so large that it becomes very likely the
resulting boundaries intersect! Recall the proof of Theorem [4.7had a very similar story
with the twist that the clusters there were infinite. As a corollary of this result, we
recover the phase transition for the Erdés-Rényi.

Corollary 5.16.1. (Phase Transition of the Erdds-Rényi) The threshold function for
the emergence of a giant component of size 0(n) for G(n,p) is 1/n. If p > 1/n, the ratio
of the largest component’s size to the size of the whole graph will tend to (n as n — oo
where € is the survival probability of the underlying Poisson(\) branching process.

This particular proof of the phase transition threshold for Erdés-Rényi is interesting
because it also explains why the phase transition threshold is connected to the critical
percolation threshold of the Poisson branching process.

5.3. Small World Networks. Now, we will apply the local convergence toolkit to
another local-tree-like graph: small-world networks! Specifically, we will show that
small-world networks converge in probability to multi-type branching process introduced
in Definition [£.17] To be able to account for different types of nodes, we will assign each
node a mark, corresponding to its type, and adapt our theory to account for marked
graphs as follows.

Definition 5.17. We will consider marked rooted graphs to be a rooted graph (G, o)
together with a set M(G) such that M maps from V(G) and E(G) to a complete
separable metric space.

The distance metric that allows %, to be interpreted as a metric space is as follows:
1

d‘ﬁ*((Gl,Ol,Ml), (G2,027M2)) = 1 n R*

(5.8)
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(&

FIGURE 12. (left) ¢ = 0: 1-dimensional ring lattice (middle) 0 < ¢ < 1:
small-world network where colored edges are the “shortcuts” (right)
¢ = 1 random graph Note: Dashed edges correspond to the original
location of shortcuts before they were rewired

where
R* = sup{r : B¢V (0;) ~ B{%)(0y),
3 7 such that M;(u) = My(m(w)) for all u € V(B (0y)),
Mi((u,v)) = Ma(m((u,v))) for all (u,v) € E(B(01))}

The latter two conditions for mark equalities will be assumed when BﬁGl)(ol) ~

B,gGQ)(OQ) is true from now on for simplicity. As before, one can use Definition

(Local convergence in probability) and Theorem (Criterion for local convergence)
with this new metric dg, in @ and with ~ accounting for the corresponds of marks in
each graph as well. Let’s get started!

A small-world network is a graph with a small average distance between nodes despite
the high clustering coefficient. Due to these properties, small-world networks inspired
many network theory applications in real life. Watts and Strogatz proposed a procedure
to build such graphs as follows [10]:

(1) Start with a n-cyle and a root o.

(2) Direct all edges in a clockwise direction and rewire each edge’s outgoing direc-
tion to a uniformly selected node in the graph with probability ¢. Finally, make
the graph undirected.

We will call the rewired edges “shortcuts” and non-rewired ones “ring edges.” We
will refer to the random small world network sampled through this procedure with
parameters n and ¢ as SW(n, ¢) (See Figure 12). We will prove that the distribution
of a local neighborhood of a node selected uniformly at random from SW(n,¢) as
n — oo converges in probability to one selected from a multi-type branching process.
Intuitively, a tree as the local limit makes sense since the probability that a shortcut
is going to create a cycle of a small length goes to zero as the graph gets larger, so
there will be no cycles in the local neighborhood of a node with high probability. See
Figure 14 to view a local neighborhood of a small-world network as a tree. Secondly,
this tree should have offspring of multiple types because, for example, the distribution
of shortcuts would differ from the distribution of ring edges. Furthermore, a node v can
have two types of ring edges as offspring: left (anti-clockwise) edges and right (anti-
clockwise) edges. Similarly, it can have two different types of shortcuts: a shortcut
that rewired to it (i.e. an edge that connected to it after rewiring) and a shortcut that
rewired from it (i.e. an edge that was connected to node v before being rewired and is
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Ficure 13. The arrows on the shortcuts give the direction in which
they were rewired: ug has two shortcuts rewired to it; u; has one short-
cut rewired from it. ug has two offspring on the ring: usg is the left one
whereas u4 is the right one.

still connected to it). See Figure 13 to understand to and from directions of shortcuts
and the orange marks in Figure 14 for an example.
All in all, there are 4 different types:

(1) A shortcut rewired to v
(2) Right ring node
(3) Left ring node

(4) A shortcut rewired from v

We will refer to these types as marks.

Theorem 5.18. Marked rooted small world network SW(n,¢) with 0 < ¢ < 1 con-
verges locally in probability to a marked multi-type branching process with 4 node marks
whose offspring distribution are as follows

(1) ul(x1,$2,$3,$4) = P[Xl = ~T1]]1{;v1+a;2:1}IP[X3 = JJ3]IP[X4 = 1'4]

(2) p2(z1, 22, 73, 74) = P[X1 = 21|14, 1ay=1} L{zs=0} P[ X4 = 24]

(3) ms(w1, w2, 23, 24) = Lz —0,2,-0}P[X3 = 23]P[Xg = 24]

(4) pa(w1, 22,73, 04) = Lig,—0,2,=0yP[X3 = 23]P[X4 = 24]
where pj(x1, T2, T3, x4) corresponds to the probability that a mark (j) node has x1, x2, x3, x4
many marks (1), (2), (3), and (4) nodes as offspring respectively, and

e X; ~ Ber(¢),
e X3~ Ber(l—¢),
e and Xy ~ Poi(¢)

are independent random variables. The root o is always marked (1). Let’s call this
model M BP(¢).

Proof. Let G,, = SW(n,¢) and (G,0) = MBP(¢). Using the criterion given by The-
orem [5.5] we prove the convergence of subgraph proportions in [5.3| only for the r-
neighborhood around the root of rooted marked trees that can occur with a positive
probability according to the multi-type branching process above for any r. Fix one such
marked tree t ~ M BP(¢). Let’s order vertices of (G, 0) and t following a Breadth-First
Search process from the rootm prioritizing nodes with smaller marks in the case of ties.
Let these ordered and marked trees be G and #. Notice that this ordering is not unique.

2TRecall that each node has finitely many offspring almost surely in the process outlined above.
Hence, this breadth-first search process is guaranteed to terminate.
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FIGURE 14. (left) Ordered in purple and marked in orange Gi2 =

SW(12,¢) = BﬁGj(o) (right) viewing same graph as a tree (blue node
corresponds to the root)

However, any other ordering of the graph ¢ would have given an isometric graph to t
since the underlying structure is not changed. Thus, we get the following identity@

({9 (0) = #) = #(t) - (B (0) = 7)
where #(t) is the number of different ways we could order this marked tree. Then,
4
,LL(BﬁG’)(o) = i) = H Z ﬂ{u(vi):j}“j (xi,la ;2, %3, .%1'74) (5.9)
i€[t] Jj=1
distg(o,v;)<r

where z; ; is the number of j marked offspring of node v;. We want to show that

P
P (1) B (B (o) ~ 1) (5.10)
To evaluate p\") (t), we first need to order and mark B7(~G")(0) similar to G and h.
Definition 5.19. Let B7(«G7") (0) be the marked and ordered r-neighborhood of (G, 0y,)
(where G,, = SW(n,¢) and o := o,, is randomly selected root) obtained by ordering
vertices of G, following a BFS (Breadth-First Search) process for r steps from the root
o and marking a node v with:

(1) if BF'S reaches v first through a shortcut rewired to v

(2) if BFS reaches v first through a ring edge in the clockwise direction of its parent

(3) if BFS reaches v first through a ring edge in the anti-clockwise direction of its

parent

(4) if BFS reaches v first through through a shortcut rewired from v
as the BFS continues. In the case of ties, BFS should prioritize nodes with smaller
marks as before. Note that the root o is always marked with (1)@ See Figure 14 for
an example with n = 12.

Although the markings of the nodes are unique, the ordering of the nodes is not.

Gn n
In the event that B£ )(0) = t, we know that both graphs are ordered the same way,
28— indicates ordered equivalence.
29Notice that each node of SW (n, ¢) will have at most two ring edges and on expectation 1l¢p+mn-¢-
% = 1 shortcuts connected to it. Therefore, the degree of any node in BﬁG")(o) is finite almost surely,
and so the BFS process will terminate almost surely.
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which is only possible if BﬁG”)(U) is the same marked tree. Thus, #(t) = #(Bf«G”)(v))

given BﬁG")(U) =t and we get

(Gn) _#(t) -
pl) == Zﬂ{Bﬁcm(vi):ﬂ

i€[n]
As before, the conditions for mark equalities will be assumed to hold when BﬁGl) (01) =

Bl (02) is true.

Given these identities, we will use the Second Moment Method to prove the conver-
(Gn)
(*)

gence. Let p&n(t) = pT#T.

Bl (6)] = — > BB (v) = 1) = P(B) (v1) =1) (5.11)

where the first equality follows from the linearity of expectation and the second from
the symmetry of the distribution of neighborhoods. Before writing the closed form for

IP’(B,(,G")(vl) = t), first notice that beyond getting the degree of the nodes right, we

need to ensure that BﬁG")(vl) has no cycles to ensure equality to tree t.

Now, let’s introduce some notation to keep things clean. Let

i—1
S; =n — E T+ Tk2+ T3+ Tia
k=1

be the number of nodes that have not yet been explored in the i-th step of the breadth-
first search process, and
i—1

Li =Y L0, (o) =3,00.5—0}
k=1

be the number of anti-clockwise edges of already explored nodes that were rewired
away from themm Since Gy, is locally finite (no node has infinitely many offspring),
lim;, o0 2+ = 1 and [; is bounded for each 4.

Further, let n; be the number of nodes in G,, that mark (1) off-spring of v; could
be so that there will be no cycles in BﬁG")(vl) created by the shortcut rewired from v;
to this mark (1) offspring and m, j be the number of nodes in G,, that k-th mark (4)
offspring of v could be so that there will be no cycles in BﬁG”)(vl) created by the
shortcut rewired from this mark (4) offspring to v;, both disregarding shortcuts that
could be encountered in the Breadth-First Search process after step 7 (we will account
for them as we go in the breadth-first search process).

For this proof, it will suffice to give lower and upper bounds n; and m; . Obviously,

ni,m;r < n. For the lower bound, notice that each shortcut, as well as the root,

makes at most 4r nodes susceptible to be part of a loop in BﬁG")(vl) (see Figure 15)
disregarding future shortcuts to be explored. Then,

30Note that we did not explore the nodes they were rewired to since they are not connected to the
connected component of the root in the i-th step of the breadth-first search process.

310rder decided based on the overall ordering of Bﬁc”)(vl).
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FIGURE 15. To avoid any loops in B, (o) for » = 3 where the blue node
is the root in the above graphs, shortcuts in blue cannot be rewired to
shaded nodes. Thus, we will shade at most 4r nodes around the root

and at most another 4r nodes for each node explored through a shortcut
in B, (o).

i—1
n;g >n-— ZxkA ~(2(r = distg(vg,v1) = 1) + 1)+ (1 + z51) - (2- 2(r — distg(vg,v1) — 1) + 1)
k=1

i—1
>n— 247“ . (CCk’4 + Tp1 + 1)
k=1
(5.12)
distg denotes the length of the shortest path between nodes. We are subtracting 1
because we are interested in the distance of the root to the node w the shortcut of v
leads to and adding the second one to count this node w. Secondly, we add 1 to x; 1 to
account for the root. We are multiplying only the second term in the sum by an extra
2 because mark (4) nodes do not have any mark (2) offspring due to rewiring but mark
(1) nodes could have a mark (2) off-spring. All of this is to (over)count green-shaded
nodes in Figure 15! Finally, we have another 2 because we don’t want to rewire any
two shortcuts to two nodes close enough to each other that the ring edges around them
intersect and create a cycle (corresponding to (over)counting yellow shaded nodes in
Figure 15). Similarly,
mi >n; —4r-(k—1) (5.13)
(3.4) and (3.5) give a lower bound (i.e. we are over-counting shaded notes in Figure 15)
because it is possible that due to randomness not all 4(r — disty(vy,v1) — 1) nodes on

the ring around the node v, would end up in BﬁG")(vl) (e.g. some of the edges could

be rewired away from the connected component).
We are ready to give the closed form!

4
— _ s 75\ Ti,2 2 - s
PE™ ) =0= I X lonw-n(-0 (677) 7 (1-6)"00' "0y, (mia)
ielt] J=1
dista (vo,vi)<r
(5.14)
where
T4

1
g(xia) = kZ_OIP’[Bin(li, ﬁ) = k, no loop|P[Bin(s;, %) = x4 — k,no loop] (5.15)

Let’s unpack this formula. the first 1 — ¢ is the probability that the clock-wise edge
does not get rewired (so it corresponds to mark (2) offspring) and ¢”* is the probability
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that the clock-wise edge gets rewired (so it corresponds to mark (1) offspring) in a way
that will not create a loop in the BFS, which is why we need to count n;. Similarly, the
second 1 — ¢ is the probability that the anti-clock-wise edge does not get rewired (so
it corresponds to mark (3) offspring) and ¢ is the probability that the anti-clock-wise
edge gets rewired, so there is no type (3) offspring (*) (we don’t care where these nodes
are rewired since they are not part of of the connected component containing the root
so far). Lastly, g(x;4) is the probability that v; has z; 4 shortcuts rewired to it and

they don’t create any cycles in B,(G")(vl):
e Bin(s;, %) is the number of shortcuts from non-explored nodes,

e Bin(l;, 1) is the number of shortcuts from anti-clockwise edges that were ex-

plored to be rewired but where they were rewired fo has not been explored yet
(recall (*)),
e and lastly, counting m; j ensures they will not create a loop.

We will describe the limiting behavior of g(z;4). Again, the key point is that G,, is
locally finite, so any finite sum of x; ; terms would be bounded. Then,

n— S0 Ar - (vpa+ags + 1)

1= lim — > lim — > lim =1
n—oo N n—oo n n—o00 n
and
.on L.omy on—4r-(k—1
1:11m7211m£211m ! ( ):1
n—oo N n—oo N n— 00 n

By the Squeeze theorem, we conclude lim,, ., % = lim,, o0 % = 1. We know that

P[Bin(L;, %) = k,no loop] < P[Bin(l;, %) = k] = (lk) <1>k (” — 1)li_k =0

n n

except for kK = 0. Second,

P[Bin(s:, %) — k10 loop] = (;Eo ”1’“) P[Bin(s:, %) — k] — P[Poi(6) = k]

since m%f — 1, [Bin(s;, %) =k] — ]P’[Poz'(%) = k], and > — 1. Hence,

g(xi,4) — ]P)[POZ((ﬁ) = .1‘@4]

Finally, recall 7+ — 1. All in all, in the limit, we get

- 4
P(BE (01) =) = [[ D Lnton)—p (1 — &) (1 — ¢)"3¢' "3 P[Poi(¢) = ;4]
i€ft] =1
(5.16)

which is indeed same as M(Bﬁé) (0) in (4.4). (The indicators of (4.4) in this latter
formula are missing because they are trivially satisfied as t is taken from the limiting
distribution.)

5.3.1. Second Moment. For the second moment, we are interested in calculating

Tim Var(pe™ (1) = lim E[p (1)) - E[p (1))
_ _ ) (5.17)
= lim E[(pf"(t)%] — P(B{®) (v) = T)?

n—oo
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By symmetry of the neighborhood of the nodes, notice that

(5.18)

= P(B¢) (v) =T, B{%)(w) = hldist, (v,w) < 2r) - P(distg, (v,w) < 2r)  (5.19)
+ P(BC (v) =, B (w) = ¥|distg, (v, w) > 2r) - P(diste, (v, w) > 2r)
(Gn)

Given distg, (v,w) > 2r, By " (v) =t and B,(,G")(w) =t are independent events. So,

we get
P(BC) (v) =T, B9 (w) = I|distg, (v,w) > r) - P(distg, (v,w) > 2r)
= P(BC) (v) = 1) Pdistg, (v, w) > 2r)
Now, evaluating the former probability,
P(distg, (v,w) <2r) =P(w € Béf")(v)\v) =E[1 (weB G (v )Iv}}
= BB wepgen @y ]

where the last equality comes from the tower rule of expectations (here, it is important
to recall that G, is a random variable).

(G) ()] — (Gn) ()1 —

E[E[1 -

{weBT™ (v)v

since node w was picked uniformly at random. Now, we will bound E[|B§f")(v)|}

E[|BY™ (v)]]

[HB@“(MBf@wm
E[E[BE™ (v)]|BS™) (0)| BY ) (w)]] (5.21)
= E[E[|IBS™) (0)|| BS™) (0)|BSE) (0)]...| B (0)].]

2

§1+2+4+...+227":2T—1

given that each node has expected degree 1+ (1 — ¢) + (n - %) = 2. Substituting this
upper bound back to [5.20, we get

E[By " ()] =1 _ 2% —2

P(distg, (v,w) < 2r) = —0 (5.22)

since 7 is fixed. This means that
P(distg,, (v,w) > 2r) =1 —P(distg, (v,w) < 2r) =1
Combining all of these results with
P(B(%) (v) = £, B (w) =7) — lim P(BC) (v) = 1)2 (5.23)

n—oo
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By equation and we conclude that
lim Var(p{®) (1)) = lim #(t)Var(p{®) (1))

Ly (1) % P(BE (u) = 7)?

Lastly, take any € > 0. By Chebychev’s Inequality, we have

B () — BRI (0] > ) < VO

—0

Thus, in the limit, we get
lim P(|pi“) (1) — p(B{¥ (0) = h)| > ¢) =0
which concludes the proof. Il

Pre-percolation, the small world network above survives almost surely since either
mark (1) or mark (2) offspring will always exist at each tree level. By Theorem
the size of the whole graph would be an upper bound for the size of the giant, which
is a trivial result. For the post-percolation case, let’s consider the mean matrix of the
multi-type branching process the small world network above converges to:

¢ 1—¢ 1—-9¢ ¢
¢ 1-¢ 0 ¢
0 0 1-¢ ¢
0 0 1-¢ ¢

The maximum eigenvalue of this matrix is 1. Hence, by Theorem [4.15|and Theorem [4.19
the branching number of this tree as well as the critical percolation threshold is 1. If
one thins the edges of this small world network with any positive probability 1 — p,
since the branching number of the limit tree would be p < 1, the branching process
will become extinct almost surely. Hence, by Theorem there will be no giant with
high probability in the small world network.

6. APPENDIX

Definition 6.1. (Martingale) A filtration on a probability space (2, F,P) is a sequence
{Fn}o, of o-algebras of F such that:

FoCFHF CHRC...CF.

This increasing sequence represents the information available up to time n. Hence,
any event known at time n is also known at all subsequent times m > n.
Now, let (2, F,P) be a probability space and {F,}>2, a filtration of F. A sequence
of random variables {X,,}7°,, adapted to {F,}>2, is called a martingale if:
(1) X, is Fp-measurable for each n.
(2) Each X, is integrable, i.e., E[|X,|] < oo.
(3) For all n > 0, the conditional expectation satisfies

E[Xp+1 | Fu] = Xn.
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We call this sequence a supermartingale if E[X,1|F,] < X, almost surely for all
n > 0 instead of (3) above.

Finally, we say a martingale (M,),>0 is in LP, if each random variable M,, in the
sequence satisfies
E[|M,P] < oo

for every n and some fixed p > 1.

Theorem 6.2. (Martingale Convergence Theorem) Let X be a supermartingale bounded
in L*. Then X,, converges and is finite almost surely. Moreover, let Xoo = liminf,_eo X,
then Xoo € Foo and E[| X |] < +00.

There are stronger forms of convergence which we define next.

Definition 6.3. A sequence of random variables (X;,),>1 converges in LP to a random
variable X if:
lim E[(X, — X)?] =0.
n—oo
Convergence in L' is also known as convergence in mean since it means that the
expectation of the random variable converges. Conveniently, we know that convergence
in L™ implies convergence L™ whenever m > n!
Now, we give an example that shows that the conditions of the Martingale Conver-
gence Theorem do not guarantee convergence in mean. Let {S,} be a simple random
walk on the integers started at 1 and

T =inf{n >0:S, = 0}.

So, one can view {S7a,} as a martingale that is stopped once S,, hits 0. Then {Spa,}
is a nonnegative martingale. It can only converge to 0. (Any other integer value would
not be possible because convergence would have to have occurred at a finite time and
the next time step would have to be different.) But E[Xo] = 1 # 0 [7]. Then, when
does a martingale converge in mean?

Theorem 6.4. (Martingale Convergence in Mean) Let M be a martingale with M,, €
L?. Then M is bounded in L? if and only if

ZE [(Mk - Mk,1)2] < +00.
k>1

When this is the case, M,, converges almost surely (a.s.) and in L? and hence in L'
as well! (There are weaker conditions for L' convergence but for this exposition, this
definition suffices.)

Theorem 6.5. (Fatou’s Lemma) Let (f,)22, be a sequence of non-negative measurable
functions on a measure space (X, M, u). Then,

/ liminf f, du < lim inf/ frndu.
X * JX

n—o0 n—

Viewing a sequence of non-negative random variables (X,)52, on a probability space
(Q, F,P) as functions from this space to positive reals and the expectation as an integral
with respect to a probability measure, Fatou’s Lemma asserts that:

E[liminf X,,] < liminf E[X,].

n—oo n—oo

We have a similar theorem for random variables in general.
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Theorem 6.6. (Dominated Convergence Theorem) If {f,} is a sequence of measur-
able functions converging pointwise to a function f almost surely and there exists an
integrable function g (i.e. [ gdp < o0) such that |fn(-)| < g(-) for all n almost surely,
then

dun [ 1f = fldp =0

and consequently,

Jim [ fodp = / fdp.
which gives us a way to interchange limits and integrals. The integral would give an
expectation if fn is a random wvariable with measure u. Hence, as long as random

variable X,, — X almost surely, satisfies | X| <Y almost surely, and E[Y] < oo, we
have E[X,,] = E[limy,—00 X].

Theorem 6.7. (Fubini’s Theorem) If either [, [5|f(x,y)|dydz or [5 [, |f(x,y)|dzdy
is finite, then

/AUB f(x,y)dy) dw = /B (/A f(a:,y)dx> dy = /AXB fla,y)d(z,y)

As an application of this theorem, the following proof of the Law of Total Expectations
uses Fubini’s Theorem in the second line to be able to swap the order of integrals:

E[X]:/gﬂfo(x)dx:/x/ny,Y(SU,y)dydx
:/x nylY(iU,y)fY(y)dydl’:/y/mfxw(:l:,y)fy(y)da?dy

- / / Fxiy (@ 9)de fy (y)dy = / E[X|Y1fy (y)dy = EE[X|Y]

One can swap the integrals above if Fubini’s conditions for the inner integral hold and
if the densities of X and Y exist.
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